A simple model based on QED is presented for the estimation of contribution of the excited level few-photon decays to the radiation escape from the matter in the epoch of the cosmological hydrogen recombination. It is shown that apart from the widely studied two-photon decays, some specific 3-photon decays can contribute on the level of 0.1% accuracy, required by the recent astrophysical observations.
Appendix B is devoted to the derivation of the basic formula employed in section III.
II. QED THEORY FOR THE PHOTON RESCATTERING ON AN ATOM A. Emission line profile for the transitions between two arbitrary levels
A quantum mechanical phenomenological description of the line profile (Lorentz profile) is known since 1930 [16] , [17] . A QED derivation of the Lorentz profile for the transition between two excited states was given in [13] , [18] . The corresponding expression for the transition a → a 1 looks like [18] : dW aa1(a0) (ω) = 1 2π
(1)
In Eq. (1) it is assumed that the lower level a 1 decays in turn to the ground state a 0 via one-photon decay. Here Γ a , Γ a1 are the total widths of the levels a, a 1 and Γ aa1 , Γ a1a0 are the partial widths corresponding to the transitions a → a 1 and a 1 → a 0 . Emission probabilities are connected with the partial widths via equalities
Finally,
, where E a , E a1 are the one-electron energies and L a , L a1 represent the Lamb shifts of the levels a and a 1 . Thus, in principle, the line profile for the transition a → a 1 depends on the further decay channel for the lower state a 1 . Actually this is the dependence on the branching ratios b aa1 = Γ aa1 /Γ a and b a1a0 = Γ a1a0 /Γ a1 . In the simplest case when both levels a and a 1 have only one decay channel b aa1 = b a1a0 = 1 Eq. (1) simplifies to dW aa1 (ω) = 1 2π
Here the dependence on the state a 0 disappeared totally. In Appendix A we present also the derivation of the Lorentz profile for the most general case when the lower level a 1 decays not directly to the ground state a 0 but to the intermediate state a 2 , then to the lower intermediate state a 3 and so on. The total chain of decays (the cascade) is a → a 1 → a 1 → a 3 → ... → a 0 . It is assumed that these decays are of one-photon type.
An important question is: how far from the resonance the wings of the Lorentz profile can be extended? The answer depends on importance of the so called nonresonant (NR) corrections which distort, in principle, the line profile. The NR corrections were first introduced in [19] and recently discussed in connection with atomic laboratory experiments in [20] - [22] . In the astrophysical aspect the role of the NR corrections was studied in [15] . According to these studies, the Lorentz profile can be extended far from the resonance (actually, to infinity) without any serious errors. We will use this extension throughout this paper.
Employing the extension of the profiles discussed above we choose the normalization condition for the Lorentz profile as:
in case of Eq. (3) and
in case of Eq. (1). Eqs (5), (6) represent the absolute probability for the photon to be emitted via the transition a → a 1 with any frequency value. If there are no other decay channels apart from a → a 1 , this probability equals to 1. If such decay channels exist both for a and a 1 levels, this probability is defined by the product of the branching ratios b aa1 b a1a0 .
B. Reemission of the photons emitted by one atom by another atom in the same transition.
Now we assume that the radiation emitted in the transition a → a 1 and having the frequency distribution defined by Eq. (3), is absorbed by another atom via transition a 1 → a. The simplified form of the Lorentz profile takes place, in particular, for the most important for the cosmological recombination Lyman-alpha line. The absorption Lorentz profile is defined by the Eq. (3) and the absorption probabilities are connected with partial widths via
where g a1 , g a are the degeneracies for the states a 1 , a. If the absorbed photons originate from the emission line a → a 1 of another atom, the probability of the absorption and hence reemission of these photons should be defined as
where I aa1 (ω) = (Γ a + Γ a1 )L aa1 (ω) is the dimensionless distribution of the incident photons. This function is normalized according to the condition
The formal proof of Eq. (8) on the basis of QED is given in Appendix B.
The frequency distribution of the emitted photons was first introduced in the QED S-matrix theory in [19] and later employed in [23] , [24] for the studies of the multiple photon scattering on the hydrogen atom.
In this way we can define also the probability of the photon emission after the multiple (n-fold) scattering:
For n = 1 the expression (10) reduces to Eq. (5). The integral can be extended to the interval −∞ ≤ ω ≤ +∞ since the main contribution comes from the pole in the expressions (1) or (3) for L aa1 . Then we can evaluate the integral in the complex plane. Employing the equality
and using the Cauchy's formula we find
where [...] (n−1) denotes the (n − 1)-fold derivative with respect to the variable ω. The evaluation in Eq. (12) results
For all n > 1 it is easy to check that X (n) aa1 < 1, so that we can interprete X (n) aa1 as the absolute probability of the absorption in the process of rescattering and reemission. Then the quantity
can be interpreted as the probability of the radiation "escape". In particular,
So, in our simple model the probability of the radiation "escape" directly via the arbitrary one-photon transition is 0.682 already after the first rescattering and becomes close to 1 with the increase of number of rescatterings. This result does not depend on the particular transition and corresponds also to the Lyman-alpha transition. We should stress that these estimates cannot replace the accurate astrophysical approach to the problem of the photon rescattering on the matter and are presented here only to make the further derivations more obvious.
III. RADIATION "ESCAPE" IN THE TWO-PHOTON TRANSITIONS
A. QED theory of the two-photon transitions Quantum mechanical theory for the two-photon transitions was first developed by Göppert-Mayer [25] and the first evaluation of the two-photon 2s → 1s+2γ(E1) decay rate in hydrogen was performed by Breit and Teller [26] . The accurate nonrelativistic calculation for this transition rate was given in [27] . The fully relativistic calculations valid also for the H-like ions with arbitrary nuclear charge 1 ≤ Z ≤ 100 were performed in [28] - [30] . The most accurate recent calculation with QED corrections one can find in [31] .
The modifications of the theory necessary to describe the two-photon transitions with cascades were discussed in [13] (see also [11] , [18] ).
The transition rate for the 2s → 1s + 2γ(E1) transition in H atom looks like (in atomic units)
where
is the radial part of the nonrelativistic hydrogen wave function, E nl are the electron energies for the hydrogen atom and α is the fine structure constant. Due to the absence of the energy levels between 2s and 1s (i.e. cascades) the denominator in Eq. (18) has no zeros. The total decay rate for the two-photon transition 2s → 1s can be obtained by integration of Eq. (17) over the entire frequency interval
An expression for the transition rate W 3s,1s in the presence of cascades was given in [11] :
where W (cascade) 3s;1s
1s;3s (ω) + S 1s;3s (ω 0 − ω)
Here S
1s;3s (ω) is the expression (18) with the term in the n p = 2p excluded from the summation, ω 0 = E 3s − E 1s . The intervals of integration over ω (I)-(V) are defined as
where ω 01 = E 3s − E 2p , ω 02 = E 2p − E 1s are the frequencies for the two links of the cascade, l is integer chosen to separate the cascade contribution from the "pure" two-photon contribution. As it was shown in [11] change essentially depending on the choice of the l, but the total sum
3s,1s remains invariant:
Note that the factor
Γ3s+Γ2p Γ2p
in the first line in Eq. (22) was omitted in [11] , so the numerical value Eq. (30) also was different. We should stress, that in our derivations the total width of the level Γ 3s does not coincide with the value given by the Eq. (30), but coincides with the transition rate Γ (1γ) 3s,2p ,as in the atomic spectroscopy. The value Γ (1γ) 3s,2p , in principle, defines the total width in the laboratory experiments when the one-photon transition rate for the photons with frequency ω 3s,2p = E 3s − E 2p is measured. The one-photon decay 3s → 2p appears to be faster than the decay 3s → 2p → 1s due to the destructive interference of the cascade decay with the "pure" two-photon decay in Eq. (30) . However this difference can be traced only in the fifth digit. The same picture holds for the decays of the other ns(n > 2), nd levels. Similar expressions can be written for the transition 3d − 1s with the cascade 3d − 2p − 1s, for the transition 4s − 1s with two cascades 4s − 3p − 1s and 4s − 2p − 1s, etc.
B. Radiation "escape" via two photon decays
We define the "escape" probability for the incoming two-photon radiation via the Lyman-alpha channel similarly to Eq. (8):
where I 2s,1s (ω) = dW 2s,1s (ω), ω 0 = E 2s − E 1s . The result of the integration
2s,1s = 6.50 · 10
−22 (32) shows that the two-photon 2s − 1s radiation emitted by one atom cannot be absorbed by another atom. This means that the radiation "escape" via the two-photon 2s − 1s transition is absolutely full:
The superscript (2) here, as in Section II, means that we consider only one scattering (reemission) of the photons. This is enough to understand the relative importance of different decay channels for the radiation "escape". Now we can repeat the same for the transition 3s → 1s + 2γ(E1). In this case we evaluate the probability of reemission of the 3s − 1s two-photon radiation via all possible one-photon transitions within the frequency range [0, ω 0 ], i.e. 3s − 2p, 3d − 2s, 3p − 2s and 2p − 1s
where ω 0 = E 3s − E 1s .The numerical result is
3s,1s = 0.00497 .
The value X (2)2γ 3s,1s is much larger than X (2)2γ 2s,1s but still essentially smaller than 1. This means that the "escape" probability is very high:
The same picture holds for the two-photon decays of the other ns (n > 2), nd levels: for the transition 3d → 1s + 2γ(E1) which occurs as one cascade with two links; for the transition 4s → 1s + 2γ(E1) which includes two cascades each with two links 4s → 3p → 1s and 4s → 2p → 1s and for the transition 4d → 1s + 2γ(E1) which includes two cascades each with two links 4d → 3p → 1s and 4d → 2p → 1s. The corresponding total decay rates W
4d,1s and the total widths of the levels Γ 3d , Γ 4s , Γ 4d as well as the probabilities of the reemission X nl,1s are given in Table 1 .
Thus, all the levels ns, nd with n = 3, 4 seem to be nearly as effective for the radiation "escape" via the two-photon transitions to the 1s state, as the 2s level. The smallest "escape" (difference about 3% with 2s level) occurs for the 3d level. This corresponds to the maximum "death probability" for the Lyman-alpha photons due to the transitions to 3d level, as found in [14] . However, the role of all these levels in the cosmological radiation "escape" is strongly suppressed by the thermodynamical factor (see Section V).
Two comments are necessary concerning the accuracy of the results given above. First, we have fully neglected the twophoton transitions other than E1E1. For the neutral hydrogen atom it is well justified (see, for example, [32] ). Second, we have neglected the difference between Γ aa and Γ a in Eq. (1) for the one-photon transitions 3s − 2p, 3d − 2p, 4s − 3p, 4s − 2p, 4d − 3p, 4d − 2p. For example, in Eq. (34) the Lorentz profile L 3s,2p should be defined as
As we have discussed above in our derivations we have to put Γ 3s = Γ (1γ) 3s,2p . In the latter equality the transitions 3s → 1s + γ(M 1), 3s → 2s + γ(M 1) are neglected, which give only extremely small contribution to the total width Γ 3s [33] .
IV. RADIATION "ESCAPE" IN THE MULTIPHOTON TRANSITIONS A. Contribution of the 3-photon transitions
In [34] , [35] it was suggested that the multiphoton transitions which contain cascades with the two-photon links can also contribute to the radiation "escape" in the process of the cosmological recombination. This approach was called "two-photon approximation" since the contribution of the "pure" multiphoton transitions with the number of photons more than two were neglected. One of the examples described in [34] was the two-photon approximation for the 3-photon 3p → 1s transition. The 3p level decay can occur either as a one-photon transition 3p → 1s + γ(E1) or as a 3-photon transition 3p → 1s + 3γ(E1). These channels do not interfere due to the different number of photons in the final state. The one-photon decay rate is
where m is the electron mass, α is the fine structure constant, Z is the charge of the nucleus (Z = 1 for the hydrogen). The 3-photon decay rate 3p → 1s + 3γ(E1) consists of the "pure" 3-photon contribution, two cascade contributions 3p → 2s + γ(E1) → 1s + 2γ(E1), 3p → 2p + 2γ(E1) → 1s + γ(E1) and the interference terms. The "pure" 3-photon contribution to the decay rate is of the order mα 3 (αZ) 8 r.u. Three-photon contribution was evaluated in [36] for the 2p → 1s + 3γ(E1) transition which does not contain any cascade contributions:
In principle, for 3p → 1s + 3γ(E1) transition rate the contributions of the "pure" 3-photon decay channel and the cascade contributions are again inseparable, similar to the case of the 2-photon 3s → 1s + 2γ(E1), 3d → 1s + 2γ(E1) transitions as discussed in Section III. However, unlike the two-photon decays in Section III, where at the level of accuracy of the "two-photon approximation" we were interested in the all contributions, in case of the 3-photon transitions at the same level of accuracy we have to keep only the cascade contributions and neglect fully the "pure" 3-photon contributions and the interference terms. This simplifies our task and retaining only the cascade terms, we find [34]
Note, that in [36] the right-hand side of the equation corresponding to Eq. (40) contained the wrong factor 3 4 , the same concerns the equation for the other two-photon decay rates. This mistake was noticed in [37] . The order of the magnitude of the 3-photon cascade transition rate is defined by the fact that the cascade transition rate is determined by transition rate of the slowest cascade link, i.e. in our case by the two-photon transitions.
The total decay rate of the 3p level Γ 3p is defined as (see discussion concerning the width Γ 3s in Section II)
The two-photon transition rate W
3p,2p should be evaluated similarly to W
2s,1s transition rate since it is "pure" two-photon transition rate. Hence
are the Clebsh-Gordan coefficients, m l are the angular momentum projections.
Unlike Eq. (17) there are no resonant terms with zero denominators in Eq.(44). Therefore we can perform the summation over n s, n d in Eq.(44) explicitly using the known expressions for the Coulomb Green function [38] . Performing also the summation over all angular momentum projections in Eq. (44), we arrive at
The integrals I 0 , I 2 in Eq.(46) are defined as
In Eq. (48) L 2l+1 n are the Laguerre polynomials The radiation "escape" via the 3-photon transition 3p → 1s + 3γ(E1) should be defined as
2s,1s .
In Eq. (50) 4d,1s and Γ 3d , Γ 4s , Γ 4d respectively. The direct one-photon decays of the levels 3d, 4s, 4d are very much faster than the corresponding cascades (see Table 1 ). This happens because these cascades contain a "pure two-photon" link, which transition rate is as slow as the 2s − 1s transition rate. Another situation occurs for the the 3-photon decays 4p → 1s + 3γ(E1), 4f → 1s + 3γ(E1). The formulas, similar to Eq.(40), for these transition rates look like
The two-photon links of the cascades 4p → 2p + 2γ(E1) → 1s + 3γ(E1), 4f → 2p + 2γ(E1) → 1s + 3γ(E1) are similar to 3s → 1s + 2γ(E1) transition, i.e. they represent themselves the cascade transitions: 4p → 3d → 2p and 4f → 3d → 2p transitions, respectively. Accordingly, these links have to be evaluated in the same way as 3s → 1s + 2γ(E1) transition and are comparable by the magnitude. With it again the total decay rates W
4f,2p differ from the total widths
4p,3d and Γ 4f = Γ (1γ) 4f,3d , respectively. The two other decay channels of 4p, 4f levels, i.e. 4p → 3p + 2γ(E1) → 1s + 3γ(E1) and 4f → 3p + 2γ(E1) → 1s + 3γ(E1) contain "pure two-photon" cascade links and, therefore, have very low transition rates compared to Γ 4p , Γ 4f . The results for the X 4f,1s are also given in Table 1 .
B. Radiation "escape" in the four-photon transitions
Now we turn to the 4-photon processes and consider first 4s → 1s + 4γ(E1) process. This process can occur parallel to the 2-photon process 4s → 1s + 2γ(E1) process, described in Section III and does not interfere with the latter due to the different number of the photons in the final state. As in the case of 3-photon decays we neglect the contribution of the "pure" 4-photon decays and consider only the cascade contributions with 2-photon links, namely 4s → 3p + γ(E1) → 2s + 2γ(E1) → 
Similarly, W
3p,2s ≡ Γ
3p,2s and Γ 3p is defined by Eq. (41). The two-photon differential transition rate (frequency distribution) dW (2γ) 4s,3s can be obtained from Eqs (17) , (18) with the replacement 2s → 4s, 1s → 3s and the value of the decay rate magnitude can be found in [35] . Then the radiation "escape" via the 4-photon transition 4s → 1s + 4γ(E1) is
2s,1s , where ω 0 = E 4s − E 1s . Inserting all the necessary frequency distributions for the one-photon transitions in Eq. (56), we obtain the result, given in Table 1 .
The results of similar derivations performed for the 4-photon 4d → 1s + 4γ(E1) transition see also in Table 1 . Note that for these 4-photon decays as for the 3-photon decay 3p → 1s + 3γ(E1) the total decay rates are much smaller than the total level widths Γ 4s , Γ 4d . With the calculations performed in Sections III, IV all the contributions to the radiation "escape" from nl(n ≤ 4) levels in the "two-photon approximation" are exhausted.
V. THE ROLE OF THE EXCITED LEVELS IN THE RADIATION "ESCAPE" IN THE EPOCH OF THE COSMOLOGICAL RECOMBINATION
In this Section we will estimate the relative importance of the multiphoton (two-, three-, four-photon) decays of the ns, np(2 < n ≤ 4), nd, nf (n ≤ 4) levels in the radiation "escape" in the epoch of the cosmological recombination. We assume, as usually that the thermodynamical equilibrium existed and the electron temperature T e was approximately equal to the photon temperature T γ [40] . For defining T γ we employ the formula [40] 
where T 0 = 2.725K is the recent CMB temperature and z is the redshift, which for the estimates can be taken as z ≈ 1000 for the cosmological recombination epoch. Our aim is to compare the role of the excited states in the radiation "escape" with the well known role of the 2s level [3] , [4] . For this comparison any characteristics of the radiation "escape" can be employed, which we will not specify here. Denoting this characteristics as R 2s we can suggest the following formula for the estimate of the relative role of the excited states Table 1 ). For T e = 2725K the first exponential factor in the right-hand side of Eq. (58) equals to
and the second exponential factor equals to
Hence,
The numbers in of Eq. (59) mean that the radiation "escape" from all the excited levels with n = 3 can contribute at the level 0.18% and the radiation "escape" from all the levels with n = 4 can contribute about 0.03%. Both these numbers may be essential on the recent level of accuracy of the astrophysical observations. It also evident that the levels with n > 4 can hardly give sizeable contribution. From this formula we excluded 3-photon decay of 3p level and 4-photon decays of Γ 4s , Γ 4d levels which were considered in subsections A, B of Section IV. The branching ratios for these decays, according to the Table 1 , are too small. To contribute essentially to the "escape" probability the cascade transition has to contain two-photon link which is not "pure" two-photon. The only 3-photon decays which satisfy this condition are the decays of Γ 4p , Γ 4f levels. In other words essential contribution comes from the 3-photon cascade processes. The 4-photon decays, compatible with this condition can arise only for the nl levels with n 5, for example 5s → 1s + 4γ(E1).
VI. CONCLUSION
In this paper we have presented a simple model, based on QED, to estimate the relative role of the excited level few photon decays in the radiation "escape" in the cosmological recombination epoch. These estimates cannot replace the accurate solution of the astrophysical balance equations but can give a hint which processes (decays) should be included in the these equations. In particular, it appears that the 3-photon cascade decays of the nl(n ≤ 4) levels can give a contribution comparable with the widely discussed contribution of the two-photon decays. Our studies are based on the "two-photon approximation" when we take into account the cascades which apart from the one-photon links have also one two-photon link. This approximation seems to be well justified due to the relative smallness of the "pure" 3-photon, 4-photon etc. processes and due to the smallness of the processes with several two-photon cascade links.
In our investigations we also used an idea of the photon reemission probability first introduced in QED by F. Low [19] . According to this idea, if an atom emits a photon which frequency is distributed as a result of the preceding absorption, the total probability of the photon emission can be smaller then 1. The deviation of this probability from the unity reflects the fact that the incoming photon was not necessarily absorbed. This deviation we associate with the radiation "escape". We assume also, that the use of one re-emission (Y (2)kγ nl,1s value) is enough to characterize the importance of a certain decay channel for the radiation "escape".
The total contribution of the excited ns(n > 2), nl(l − 1, 2, 3, 4, n ≤ 4) levels to the radiation "escape" compared to the contribution of 2s → 1s + 2γ(E1) process according to our estimates reaches the value 0.21% which is not negligible in view of the growing accuracy of the recent astrophysical observations. The smallness of this contribution is due exclusively to the relatively low equilibrium temperature during the epoch of the cosmological recombination.
TABLE I: Contributions of the multiphoton cascade processes, having one two-photon link, to the radiation "escape". Here k is the number of photons; nl -initial state of an atom; W (kγ) nl,n l -total transition rate for the cascade transition;W (kγ) * nl,n l -transition rate via "pure two-photon links", Γ nl -total width of the upper level in the two-photon link; X (kγ) nl,n l -reemission probability for the photons from the two-photon link of the k-photon cascade; Y (kγ) nl,n l -"escape" probability for the photons from the two-photon link of the k-photon cascade. We consider first a n-photon elastic scattering process, depicted in the Feynman graph Fig.1 . The corresponding S-matrix element can be written aŝ
whereŜ (2n) is the S-matrix of 2n-order, e is the charge of electron, ψ a (x) = ψ a ( r)e −iEat is the solution of the Dirac equation for the atomic electron, E a is the Dirac energy.ψ a (x) = ψ † a γ 0 is the Dirac conjugated wave function with ψ † a being it's Hermitian conjugate, γ µ = (γ 0 , γ) are the Dirac matrices. Wave function of photon A µ (x) looks like:
where e
µ is the photon polarization four-vector, k = ( k, ω) -is the photon momentum four-vector ( k is the wave vector, ω = | k| is the photon frequency), x ≡ ( r, t) is the coordinates four-vector ( r, t are the space and time coordinates). Function (A.2) corresponds to the absorbed photon and the function A * µ (x) corresponds to the emitted one. S(x 1 x 2 ) is the Feynman propagator for atomic electron. In the Furry picture, the eigenmode decomposition for this propagator reads:
where summation in (A.3) extends over the entire Dirac spectrum of the electron states s in the field of nucleus. Integration over frequency and time variables in (A.1) leads tô
The amplitude of the process of elastic photon scattering is related to the S-matrix element viâ
The energy conservation in this process is implemented by the condition .6) and the resonance frequencies are given by
Accordingly, we will obtain for the scattering amplitude the expression
where we abbreviate the transition matrix element as
In the resonance case we have to retain the terms s 1 = a 1 , s 2 = a 2 , . . . , s n = a, . . . , s 2n−2 = a 2 , s 2n−1 = a 1 in Eq. (A.8), which yields
In order to describe the line profile for the multiphoton emission, we have to consider first the amplitude for the multiphoton emission in the resonance approximation, which can be defined as
The resonance approximation for this n-photon emission process assumes actually the existence of the cascade transition a → a n−1 → a n−2 → . . . → a 1 → a 0 . The problem of cascades will be investigated below. An expression, similar to Eq.(A.11) can be defined for the corresponding absorption amplitude
The factors in denominators of Eq.(A.11) generate simple poles at the resonance frequencies. These singularities are removed (from the real axis) by inserting radiative corrections into the central and all upper electron propagators, i.e. by introducing "radiative dressed" propagators. The insertion of the lowest-order radiative corrections (the vacuum polarization, represented by the Uehling potential, and the electron self-energy) in the central propagator (see Fig.2 ) yields
where V U is the Uehling potential and ( Σ(ξ)) a1a2 represents the matrix element of the energy-dependent self-energy operator
Here the shorthand notation
is used with
r 12 = |r 1 − r 2 | and the metric tensor g µ1µ2 . In the resonance case Eq.(A.13) reduces to
Ressumation of an infinite sequence of radiative insertions to all orders of the perturbation theory (geometric progression) leads to the following expression for the emission amplitude
(A. 18) with the (in general complex-valued) energy corrections
Expanding the expression for the matrix element of the operator Σ into Taylor series around the resonance energy E a0 + n i=1 ω i = E a and retaining only the leading term in the correction Eq.(A.19) yield 20) where
Now let us turn to the insertion in the first upper electron propagator. After performing time and frequency integrations the corresponding S-matrix element reads
The resonant case is characterized by the conditions s n−1 = s n = a n−1 , s 1 = a 1 , s 2 = a 2 , . . . , s n+1 = a, s n+2 = a n−1 , . . . , s 2n = a 1 , which imply the corresponding scattering amplitude
We can assume, that all necessary resonant insertions into the central electron propagator in Fig. 2 have been already introduced.
Repeating the radiative insertions in the upper electron line in the resonance approximation and performing resummation of the resulting geometrical progression finally we find
together with
Expanding again the operator Σ in Eq.(A.25) into a Taylor series close to the point of the resonance, replacing then Eq.(A.25) by .26) and using also Eq. (28), we obtain
(A.27)
Inserting radiative corrections into the remaining electron propagators and repeating the procedure described above, we finally arrive at the following expression for the emission amplitude
where energies V a , V a1 ,..., V an are improved by the radiative corrections: 
.., L a1 are the Lamb shifts of the levels a, a 1 ,..., a n and Γ a , Γ a1 ,..., Γ an are the corresponding widths.
As the next step towards the evaluation of transition probabilities one has to take the square modulus of U em , to integrate over all emission directions ν and to sum over the polarization e of each photon. Defining the partial width Γ a1a2 of the level a 1 associated with the transition a 1 → a 2 as
where ω res is the resonant frequency, integrating over all photon directions and summing over polarizations we obtain an expression for the n-photon cascade transition probability
where Γ a0a1 ,..., Γ an−2an−1 and Γ an−1a are the partial widths, associated with the transition a 1 → a 0 , a 2 = a 1 ,. . . , a n−1 → a n−2 and a → a n−1 . This is the line profile for the cascades transition, when all photons are assumed to be registered. From the Eq.(A.31) we can obtain also an expression for single-photon transition a 1 → a o in the case when a 1 ,. . . , a n−1 , a states are excited (unstable) states. For this purpose we perform first integration over ω 1 with fixed ω 2 , ω 3 ,..., ω n and after this perform the integration over ω 2 with fixed ω 3 , ω 4 ,..., ω n etc. These integrations can be extended along the entire real axis, since only the pole terms are contributing. We close the contour in the upper half-plane. The poles for the integration over ω 1 are located at
Employing Cauchy's theorem and collecting all residue contributions we repeating this procedure for all remaining frequencies until ω n . After some algebraic transformation we finally arrive at the expression
In Eq.(A.33) any explicit dependence on the states a 1 , .., a n−2 , a 0 has been disappeared. These states enter only implicitly through the definition of the one-photon decay widths. If all states a, a 1 ,..., a n−2 decay via single channels i.e. Γ aa1 = Γ a , Γ a1a2 = Γ a1 etc., the formula Eq.(A.33) reduces back to Eq.(3) in the text. We start with the derivation of the Lorentz profile for the emission line from the QED description of the photon scattering on the atomic electron [13] , [19] . The Feynman graph for the one-photon scattering process is depicted in Fig. 1 for n = 1. The resonance approximation is defined by the condition following from Eq. (A.7):
A scattering amplitude U sc. (2) corresponding to Eq. (A.8) with n = 1 looks like
In the resonance approximation
and the emission amplitude is defined as
Thus the emission amplitude can be obtained from the scattering amplitude in the resonance approximation by omitting absorption matrix element (U ) a0s1 . A transition probability for one-photon emission process a → a 0 + γ follows from the Eq (A.33) and looks like
It is assumed that there are no other decay channels for the transition a → a 0 apart from the one-photon decay a → a 0 + γ Actually the unique example of such situation is the Lyman-alpha transition 2p → 1s + γ. The normalization condition Eq. (5) is valid for the Lorentz profile Eq. (B.5). Now we will describe the situation when the Lyman-alpha photon, absorbed and emitted by one atom, is then reabsorbed and reemitted by another atom. The corresponding Feynman graph is depicted in Fig. 3 . The resonance condition Eq. (B1) is now modified as
where quantities with or without "prime" index correspond to the electrons in two different atoms. The S-matrix element, corresponding to the graph Fig. 3 looks like
Performing the standard integration over the time and frequency variables and using the relation (A.5) we arrive as the following expression for the scattering amplitude:
According to Eqs. (B.3)-(B.5) we obtain the emission amplitude in the resonance approximation by omitting the absorption matrix element in Eq. (B.11)
( α 2 A * ( e, k) µ2
) aa0
(E a − E a 0 + ω )(E a − E a0 + ω) .
(B.12)
Singularities in the denominators in Eq. (B.11) should be avoided by the summation of the electron self-energy and vacuum polarization insertions in all the electron lines in Fig. 3 . Then, after taking the square modulus of Eq. (B.12), summation over the polarizations, integration over the angles for emitted photon and finally, after the integration over the frequency ω we obtain the following result (setting a 0 = a 0 = 1s, a = a = 2p) In Eq. (B.14) the one-electron Dirac wave functions ψ 2p , ψ 1s for the electrons in the two different atoms are present. Thus, the integral (B.14) depends on the distance between two atoms, i.e. on the density of the atomic gas. It is convenient to fix the origin of the coordinate system at the nucleus of an atom which absorbs the photon.
Then we can present r 23 in the form 15) where r , r are the distances between the electrons and the nuclei in the emitting and absorbing atoms, respectively and R is the distance between the two nuclei. Assuming that r , r R we replace the distance r 23 by R. We employ equalities and taking into account the orthogonality of the wave functions ψ a0 , ψ a , we find that the second term in the brackets in Eq. (B.14) turns to zero. Then In Eq. (B.21) one of the matrix elements ( α) 2p1s originates from the emitting atom and another matrix element originates from the absorbing atom. In the nonrelativistic limit [41] |( α 2p1s )| We can average the result over the positions of the emitting atoms, surrounding the absorbing atom, assuming the distribution of these atoms spherically symmetrical and introducing the density of the emitting atoms ρ(R). Then Fig. 1 . Fig. 3 . The Feynman graph describing the resonance photon rescattering. The two vertical solid lines describe the electrons in two one-electron atoms. The ground and excited states of the one atom are denoted as a 0 , a , the states of another atom a0, a. The internal wavy line denotes the transverse photon propagation between two atoms. The Coulomb gauge for the photon propagators is assumed.
